In this paper we focus on the representation of Steiner trades of volume less than or equal to nine and identify those for which the associated partial latin square can be decomposed into six disjoint latin interchanges.
BACKGROUND INFORMATION
In any combinatorial configuration it is possible to identify a subset which uniquely determines the structure of the configuration and in some cases is minimal with respect to this property. For example, such subsets can be found by studying the literature on critical sets in latin squares (see Donovan and Howse [2] ) and defining sets in block designs (see Street [7] ), as well as in the study of premature partial latin squares (see Brankovic, Horak, Miller and Rosa [1] ). Research has shown that computer analysis of critical sets, defining sets and premature partial latin squares is computationally expensive. This fact has led to a study of the inherent nature of the configuration in order to obtain information for refining searches and associated algorithms. In the past, critical sets, defining sets and premature partial latin squares have been studied in isolation and, in many cases, using different techniques. However, there is much to be gained by studying these configurations in unison. A crucial element in the identification of defining sets or critical sets is the determination of interchangeable elements within the design or latin square. By representing the interchangeable sets in certain designs as associated partial latin squares, Donovan, Khodkar and Street [3, 4] have identified new families of defining sets. The work in the papers [3, 4] (latin interchanges) be used to classify the interchangeable sets in the block designs (trades)? It is this interesting question that we focus on here. In Section 2 of this paper we give the appropriate definitions of (partial) latin squares and latin interchanges, (partial) Steiner triple systems and associated Steiner trades, and finally detail the connection between latin interchanges and Steiner trades. In Section 3 we take all Steiner trades of volume less than or equal to nine and classify them according to the structure of the associated latin interchanges.
DEFINITIONS
First we turn our attention to partial latin squares. A partial latin square P of order v is a v Â v array with entries chosen from the set V ¼ {1, . . . , v} in such a way that each element of V occurs at most once in each row and at most once in each column of the array. For ease of exposition, a partial latin square P will be represented by a set of ordered triples {(i, j;P ij )|element P ij occurs in cell (i, j) of the array}. If all the cells of the array are filled then the partial latin square is termed a latin square. That is, a latin square L of order v is a v Â v array with entries chosen from the set V ¼ {1, . . . , v} in such a way that each element of V occurs precisely once in each row and precisely once in each column of the array.
EXAMPLE 1
The following arrays are examples of three partial latin squares of order 6. Note that the first may also be termed a latin square.
The set of cells S P ¼ ði; jÞjði; j;P ij Þ 2 P È for some P ij 2 V g is said to determine the shape of P and jS P j is said to be the volume of the partial latin square. That is, the volume is the number of non-empty cells. For each r; 1 r v, let R r P denote the set of entries occurring in row r of P. Formally, R r P ¼ P rj jðr; j; P rj Þ 2 P È É . Similarly, for each c; 1 c v, we define C c P ¼ P ic jði; c; P ic Þ 2 P È É and for each element e 2 V we define E e P ¼ ði; jÞjði; j; eÞ 2 P È É . A latin interchange, I ¼ ðI ; I 0 Þ, of volume s, is a collection of two partial latin squares, of order v, such that 1. S I ¼ S I 0 , 2. for each ði; jÞ 2 S I ;
Thus a latin interchange is a pair of disjoint partial latin squares of the same shape and order, which are row-wise and column-wise mutually balanced. EXAMPLE 2 Together, the second and third partial latin squares given in Example 1 form a latin interchange of order 6 and of volume 20.
Let P be a partial Latin square of order n and a; b; c f g¼ 1; 2; 3 f g. Then the ða; b; cÞ-conjugate of P is denoted and defined by
Note that P has six conjugates. These conjugates are not necessarily distinct. For a given latin interchange I ¼ ðI ; I 0 Þ; jR r I j denotes the number of non-empty cells in row r and jC c I j denotes the number of non-empty cells in column c. In addition, jE e I j denotes the number of cells which contain element e 2 V . It is clear that for all i; j; k 2 V , jR i I j ! 2; jC j I j ! 2; jE k I j ! 2 and
In [5] , Keedwell introduced the definition of the type of a latin interchange. In this paper we modify this definition slightly and let the type of the latin interchange I ¼ ðI ; I 0 Þ be
Note that if any of the values jC i I j; jR i I j or jE i I j in the above vector are zero, then they are omitted. The type of the latin interchange given in the above example is
Next we give the definition of a partial Steiner triple system. Let V ¼ 1; . . . ; v f gand let B be a collection of 3-subsets chosen from V in such a way that each 2-subset of V occurs in at most one of the 3-subsets. Then ðV ; BÞ is said to be a partial Steiner triple system and is sometimes referred to as a 2-ðv; 3Þ partial Steiner system. The 3-subsets are called blocks or triples and the replication number for a given element e 2 V is the number of triples which contain e. If jBj ¼ vðv À 1Þ=6 then each of the 2-subsets of V is contained in precisely one triple of B and in this case ðV ; BÞ is said to be a Steiner triple system of order v.
Take two such partial Steiner triple systems with triples T and T 0 . If jT j ¼ jT 0 j and each of the 2-subsets of elements of V contained in the triples of T are also contained in the triples of T 0 , then T and T 0 are said to be mutually balanced. If T and T 0 are mutually balanced and have no common triples, they form a 2-ðv; 3Þ Steiner trade usually denoted by T ¼ ðT ; T 0 Þ. The volume(T) of the trade is jT j and the foundation of
Let ðV ; BÞ be a partial Steiner triple system of order v. We define the corresponding partial Steiner latin square of order v to be the array with entry k in cell ði; jÞ if and only if i; j; k È É 2 B. We emphasise that for each triple x; y; z 
We may obtain a similar contradiction for the columns and so deduce that the rows and columns of I and I 0 are mutually balanced. Consequently I ¼ ðI ; I 0 Þ is a latin interchange as required.
In In this paper we give some partial answers to this question and, in particular, give an exact answer for all Steiner trades with block size three and volume less than or equal to nine. Our list of trades of volume less than or equal to nine has been taken from [6] where Khosrovshahi and Maimani completely classified all Steiner trades with block size three and volumes six to nine.
PARTIAL ANSWERS
We begin by stating a result which identifies some Steiner trades whose corresponding partial Steiner latin squares can be decomposed into six disjoint latin interchanges. First we need a definition.
Let T ¼ ðT ; T 0 Þ be a trade. We say T is a minimal trade if there are no ; Proof First we prove that for x; y 2 FðT Þ we have either S
We note that if the pair a; b f g occurs in a triple of T then a and b cannot both be in S z for any z 2 T . This leads to
It is easy to see that there is a one-to-one correspondence between the elements of I 1 and the triples of T. Moreover, I 1 forms half of an interchange into which we are decomposing the partial latin square associated with T. We leave the reader to prove that the six conjugates of I 1 decompose I into six disjoint latin interchanges, where I ¼ ðI ; I 0 Þ is the latin interchange corresponding to T ¼ ðT ; T 0 Þ. However, the above condition is not necessary as is shown by the following example. Thus to further our study we focussed on the trades of volume less than or equal to nine and began by developing the following algorithm which we used to systematically test for the decomposition of these Steiner trades. Determine the size of each row and column in the subset U, and the number of times each element occurs in the subset U. If each of these numbers is greater than or equal to 2, continue; else move to the next subset. Apply each of the permutations calculated above to each of the rows in each subset U. If the columns are mutually balanced then a latin interchange has been found. Once all latin interchanges have been determined, check for a one-to-one correspondence between the elements of each latin interchange and the triples of the trade T . If a correspondence is found, then a decomposition of the partial Steiner latin square associated with T is possible.
There are 25 Steiner trades of volume less than or equal to nine and classifying these further we see that up to isomorphism there is one Steiner trade of volume 4, two of volume 6, two of volume 7, nine of volume 8 and eleven of volume 9. The triples of these trades are listed below. Our testing verified that for thirteen of these Steiner trades the corresponding partial Steiner latin square can be decomposed into six disjoint latin interchanges satisfying the properties given in Question 1 of Section 2. These thirteen cases are discussed below and the general nature of the decomposition is given. For the remainder of the cases, we present theoretical arguments that indicate why such a decomposition is not possible.
Remark: We note that if such a decomposition exists for each i ¼ 1; . . . ; 6 and each x 2 V , the partial latin square I i is such that jR x I i j þ jC x I i j þ jE x I i j equals the replication number for element x. Also since for i ¼ 1; . . . ; 6; jT j ¼ jI i j, the volume of each of the latin interchanges I i is less than or equal to nine. In the paper [5] Keedwell classified the type of all latin interchanges of volume less than or equal to 10. We have used his classifications when arguing that decomposition is not possible and in many of these cases we will use the following lemma frequently.
LEMMA 6
If the replication number of a symbol e is 2 or 3, then for i ¼ 1; . . . ; 6 in any given interchange I i , e can only occur as a row or a column or an element. If the replication number of a symbol e is 4, then in any given interchange I i , e can only occur as a row, a column, or an element, or a row and a column, a row and an element, or a column and an element.
Proof Since an interchange requires that jR e I j ! 2 and jC e I j ! 2, and jE e I j ! 2, when the replication number of e is 2 or 3, the symbol cannot be split between rows and columns, or rows and elements, or columns and elements. Similarly when the replication number of e is 4, the symbol cannot be split between rows, columns, and elements. Assume that the latin interchange I associated with T 1 can be decomposed into six disjoint latin interchanges, then since volumeðT Þ ¼ 6 one of these latin interchanges must have type
So without loss of generality assume column 1 contains three entries, but this implies there are three nonempty rows which is a contradiction. Therefore no such decomposition exists. 
Trade of volume 7 
Since the replication number of each element is 3 this type is not possible. Replication number in T  3  3  3  3  3  3  2  2  2 But there is no interchange of size 8 which has type
and thus no decomposition exists. Assume that the latin interchange I associated with T 7 can be decomposed into six disjoint latin interchanges, then since volumeðT Þ ¼ 8 one of these latin interchanges,
where X and Y represent the appropriate sum values of jR r I 1 j and jE e I 1 j. By Lemma 6, this implies that both row 4 and row 7 are simultaneously non-empty. Moreover, the elements 4 and 7 cannot occur as entries. This is a contradiction as 247 2 T . Therefore no such decomposition exists. only as a row or an element, and since 49A is a triple, we have that A occurs only as a row or a column. Therefore, A occurs only as a row and we must have ðA; 2;3Þ; ðA; 9;4Þ 2 I 1 . Then we must have ð8; 9;3Þ 2 I 1 . Since 678 is a triple, we have that 6 occurs only as a column or an element, and since 136 is a triple, we have that 6 occurs only as a row or a column. Therefore, 6 occurs only as a column and we must have ð8; 6;7Þ; ð1; 6;3Þ 2 I 1 . However this leads to a contradiction since in the triple 457, 4 and 7 must both be elements. Therefore no decomposition exists. Assume that the partial latin interchange I associated with T can be decomposed into six disjoint latin interchanges, then since volumeðT Þ ¼ 9 one of these latin interchanges,
where W, X and Y are all odd and represent the appropriate sums for values of jR r I 1 j, jC c I 1 j and jE e I 1 j. However it is not possible to partition the multiset 4; 2; 4; 4; 2; 2; 2; 2; 3; 2 f g into three multisubsets such that the sum of the entries in each of these multisubsets is odd. Therefore, no such decomposition exists. Assume ð5; 7;8Þ 2 I 1 , where I 1 forms half of an interchange into which we are decomposing the partial latin square associated with T. Then by Lemma 6 we can say that 5 occurs only as a row, 7 occurs only as a column, and 8 occurs only as an element. On the other hand, since 167 and 468 are triples we must have ð6; 7;1Þ; ð6; 4;8Þ 2 I 1 . Now considering the triples 36A and 479, we have four different cases:
Case 1
ð6; 3;AÞ; ð4; 7;9Þ f g I 1 which means that 9 occurs only as an element by Lemma 6. But 189 as a triple requires both 8 and 9 to be elements. This is a contradiction.
Case 2
ð6; 3;AÞ; ð9; 7;4Þ f g I 1 which means that 9 occurs only as a row, A occurs only as an element, and 3 occurs only as a column by Lemma 6. Then 189 as a triple requires that ð9; 1;8Þ be an element in I 1 . Thus 1 occurs as both a column and an element. Since 123 is a triple, this means that ð2; 3;1; Þ must be an element in I 1 , which means that 2 can only occur as a row. Then 24A as a triple requires ð2; 4;AÞ to be an element of I 1 . Thus 4 occurs as both a column and an element. Then 145 as a triple requires ð5; 1;4Þ to be an element of I 1 , since column 1 needs to have two elements in it. It is now easy to see that I 1 with these entries cannot be a latin interchange. This is a contradiction.
Case 3
ð6; A;3Þ; ð4; 7;9Þ f g I 1 which means that 9 occurs only as an element by Lemma 6, leading to a contradiction as in Case 1.
Case 4
ð6; A;3Þ; ð9; 7;4Þ f g I 1 which means that 9 occurs only as a row, A occurs only as a column, and 3 occurs only as an element by Lemma 6. Then 189 as a triple requires that ð9; 1;8Þ be an element in I 1 . Thus 1 occurs as both a column and an element. Since 123 is a triple, this means that ð2; 1;3Þ must be an element in I 1 , which means that 2 can only occur as a row. Then 24A as a triple requires ð2; A;4Þ to be an element of I 1 . Thus 4 occurs as both a column and an element. Then 145 as a triple requires ð5; 4;1Þ to be an element of I 1 , since row 5 needs to have two elements in it. It is now easy to see that I 1 with these entries cannot be a latin interchange. This is a contradiction.
Thus no decomposition is possible. 
